Four Multiplicative Cohomology Theorems 
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The main statement proved here is the 

De Rham Theorem 
The de Rham cohomology algebra of a paracompact manifold is 



(N 

canonically isomorphic to the graded algebra of endomorphisms of the 
constant sheaf viewed as an object in the derived category of sheaves of 
O ■ vector spaces. 

•s' 

There are similar statements for Lie algebra cohomology and group cohomology. 

m 

(N| ' Reminder about the notion of derived category 

(N ' 

CO. 

O . Let A be an abelian category and A' the category of co chain complexes in 
O ■ 

A. Recall that a morphism in A* is a quasi-isomorphism if it induces an 



isomorphism in cohomology. A derived category of A is a pair (T>, i) where T> 
is a category and i a functor from A* to T> satisfying the following condition. 



For any category C and any functor F : A* — > C transforming quasi-isomorphisms 
into isomorphisms there is a unique functor F : T> — > C such that 
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commutes. 
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It's easy to check that a derived category of A exists and is unique up to unique 
isomorphism, and that V has the same objects as A*. It can be shown that V is 
additive. 

For C* E A* and n E Z denote by C n+ * the indicated shifted complex equipped 
with (-l) n times the differential of CV For C*,D* E A* and n G Z put 

Ext^(C", D*) := Homx>(C", D n+ ") 

and note that there is an obvious composition 

Ext^D*, E*) Ext^(C", D*) — > Ext^ +<? (C", E'), 

called cup-product. Sometimes one abusively calls derived category the 

category £ whose objects are those of A* and whose morphisms are defined by the 
rule 

Hom £ (C*,D*) :=0 Ext^(C*, £)"). 

This short text is about the four following cohomology theories : the de Rham 
cohomology, the (relative) Lie algebra cohomology, the group cohomology and the 
Cech cohmology (I refer to Warner [W] , Borel-Wallach [B W] and Cartan-Eilenberg 
[CE] for precise definitions, and to Verdier [V] for derived category theory). Each of 
these theories was first defined by a magic formula and then interpreted as an Ext- 
group ; in each case there is an obvious cup-product suggested by the formula and 
an obvious cup-product suggested by the Ext interpretation ; the goal is to show 
that the combinatorial cup-product is compatible with the conceptual one. 
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Statement of the Theorems 

Let M be a paracompact manifold, Cm the constant sheaf with fiber C over M and 
Cm >— * ^ the de Rham resolution. 

Multiplicative de Rham Theorem. The de Rham cohomology of M is canoni- 
cally isomorphic as a graded algebra to Ext* M . mod (CM, Cm)- 

Let k be a field of characteristic 0, let t C Q be finite dimensional Lie algebras 
over k ; assume q is 6-semisimple. Given a t)-module (i.e. a 6-semisimple 
0-module) V, denote the Chevalley-Eilenberg cohomology of (g, t) with values in V 
by #£ E (fl, 6 ; V) and put if*(g, t;V) := ExtJ >e (fc, V). By a Theorem of Hochschild 
there is a canonical isomorphism of graded vector spaces 

$ v :HZ E (Q,t;V)^H'(Q,t;V). 

Consider the diagram 



H' CE (Q,Z;V)®H' CE (Q,t;k) H'( B ,t;V)®H'b,t;k) 



where the vertical arrows represent the cup-products. 

Multiplicative Hochschild Theorem. This diagram commutes. 

Let G be a group and k a commutative ring. Denote the Eilenberg-MacLane coho- 
mology of G with values in the G-module V by H EM (G, V) and put H*(G, V) := 
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Extg(/c, V). By a Theorem of Eilenberg-MacLane there is a canonical isomorphism 
of graded /c-modules 

$ V :H^ M (G, V)^H'(G, V). 

Consider the diagram 



H' M (G,V)®H' M (G,k) H'(G,V)®H'(G,k) 



H£ M (G,V) — ^ H'(G,V), 



where the vertical arrows represent the cup-products. 

Multiplicative Eilenberg-MacLane Theorem. This diagram commutes. 

Given an be an open cover U of a topological space X, a commutative ring k and a 
sheaf £ of modules over the constant sheaf C := kx there is — by a results I'll call 
Cech Theorem — a canonical morphism of graded /c-modules 

$ S :H*(U,S)^H'(X,S). 

Consider the diagram 



H'{U,S)®H'{U,C) * s ®' i,c > H'{X,S)®H'{X,C) 



H'(U,S) 



H'(X, S), 
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where c denotes the Cech cup-product and t denotes the "true" cup-product. 
Multiplicative Cech Theorem. This diagram commutes. 

Here is a theorem that is not multiplicative at all ; I put it here because its proof 
uses Cech co ho mo logy — and because I don't know where else to put it. 

Bott-Tu Theorem. The Frechet structure of the de Rham cohomology of a 
paracompact manifold is a topological invariant. 

Proof. In Proposition 9.8 of [BT] Bott and Tu give an explicit isomorphism <p from 
the cohomology H*(U, C) of a countable good cover onto the de Rham cohomology 
H' R (M, C). A look at their formula shows that ip is continuous. Since the target 
is Frechet, the Open Mapping Theorem implies that ip is a Frechet isomorphism. 
Therefore the Frechet structure of H*{U, C) doesn't depend on the choice of U, 
and, similarly, the Frechet structure of H* R (M, C) doesn't depend on the choice of 
the differential structure of M . This proves that the Frechet structure in question 
depends only on the topology of M. QED 

Statement of the Propositions 

Let He a commutative ring and C a /c-category ; the convention 

® := <g> 
k 

shall be in force to the end. The following abbreviations will come handy : if A and 
B are complexes in C then (A,B) shall be the complex whose underlying graded 
fc-module is defined by 

(A,B) n := © Hom(C p ,D n+p ), 
v 
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the differential being given by df = d o / - (-1)" / o d for / G (A, S) n , and [A, B] 
shall be its cohomology : 

[A,B] :=H((A,B)), 

recalling that [A, B] n is also the k- module of homotopy classes of complex mor- 
phisms from A' to B n+ * . Let 

can A B : [A, B] -> Ext (A, S) 

be the natural morphism. If C is a third complex then we have the composition 
morphisms 

(B,C) ® (AS) -(AC), 

[5,C] ® -> [A, C], 

Ext(S,C) <g> Ext(A,S)->Ext(A,C), 

all abusively denoted by c and the last one being by definition the cup-product ; 
moreover the following diagram commutes 

[B, C] <g> [A, B] 

cariBC ® coriAs 

Ext(S,C) <g> Ext(A,5) 
For i = 1, 2, 3 let Vi be an object of C and Si : Vi >— > A a right resolution of V^. 



[AC] 



(1) 



Ext(A,C). 



6 



Recall that we have the commuting diagram of isomorphisms 



Ext(Ai, Vj) 



Ext(e i ,y i ) 



Ext(y,,K-) 



Ext(Ai,£j) 



Ext (Vi,Sj) 



Ext(Aj, A j 



Ext(£i,Aj) 



Ext(Vi, A 
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which I'll implicitly use to identify these four fc-modules whenever convenient. Also 
I'll often write f g for fog. 

Assume we are given complex morphisms 



for % < j, and 



subject to 



^:{V 2 ,A 3 ) ®(V u A 2 ) ^{V u A 3 ) 



(a) (pij(f) Si = f for all / in (Vi, Aj) and 



(b) the diagram 



(V 2 ,A 3 ) ® (V U A 2 ) 



(A 2 ,A 3 ) ® (A 1 ,A 2 ) 



(V U A 3 



{Ai,A 3 ) 



commutes up to homotopy. 



Let jU* : [V2, A 3 ] (g>[Vi, A 2 ] — > [Vi, A3] be the morphism induced by \i. Denote both 
can V A . and can AA , by cariij when convenient. - - Consider the diagram 

[V 2 ,A 3 ] <g> [V U A 2 ] 

can23 ® can 12 

Ext(y 2 ,^ 3 ) ® Ext(Fi,y 2 ) 

Proposition 1. This diagram commutes. 

Weak Proposition 2. If C has enough injectives and Ext p (Vi, AJ) = for p > 0, 
q > then can^- : [1^, A,-] — > Ext(T^, Vj) is an isomorphism. 

Proof. This follows immediately from Grothendieck's Remark 3 after Theorem 
2.4.1 in [G]. QED 

Strong Proposition 2. If Ext p (^, A<j) = for p > 0, q > then 

cariij : [Vi,Aj] -> Ext(^, ^) 

is an isomorphism. 
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[V U A 3 ] 
* Ext(V u V s ). 



Proposition 1 and Weak Proposition 2 



imply the Theorems 



Proof of the Multiplicative de Rham Theorem. Let Cm >— ► ^ the de Rham 
resolution. Put 0(M) := (Cm, H) as usual, and V\ = Vi = V3 := Cm, A\ = Ai = 
A 3 := 0, and define (p : 0(M) — > (Q, 0) by <p(a!)(£) = a A £ (here a is a form and £ 
a germ) and fi : 0(M) <g> 0(M) -> 0(M) by fi(a, (3) := a A /?. QED 

Proof of the Multiplicative Hochschild Theorem. Let C be the category of 
(0, 6)-modules. Note that if is a complex in C then (fc, W) is the subcomplex W B 
of invariants. Put V\ = V 2 := fc, V 3 := V, 



and define : A? -> {A u Aj) by </?(") (0 = « A £ and /i : Af <g> -> by 
//(a,/?) := a A/3. QED 

Proof of the Multiplicative Eilenberg-MacLane Theorem. Let C be the 

category of G/c-modules. Note that if W is a complex in C then (fc, W) is the 
subcomplex VF G of invariants. To any G/c-module W attach the injective resolution 
I(W) whose definition can be briefly recalled as follows : I n (W) is the G/e-module 
of maps from G x • • • x G (n + 1 factors) to W, and the coboundary is given by 



Also remember that the (combinatorial) cup-product I p (k) x I q [W) — > I p+q (W) is 





given by 



(a\J/3)(go,...,g p + q ) = a(g ,...,g p ) /3(g p , . . . ,g p+q ). 
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Put V x = V 2 := k, V 3 := V, A, := I{Vi) and define ip : A? -> (A u Aj) by <p(a)(£) = 
a U £ and fx : Af <g> Af -> by //(a, /?) := a U /3. QED 

Proof of the Multiplicative Cech Theorem. For any sheaf T of C-modules let 

# T : H'(U,T) -> H'(X,T) 

be the canonical morphism of graded /c-modules. Consider the diagram 

H*(X,S)®H'(X,C) * s ®* c > H*(X,S)®H*(X,C) 

9 

H'(X,S) > H'iX.S). 

where c and (7 denote respectively the Cech and the Godement cup-product as 
defined in section II. 6. 6 of [God]. Since this diagram commutes by observation (c) 
on page 257 of [God], it suffices to check that 



c 



H*{X,S)®H*{X,C) — ^— > H m (X,S)®H*(X,C) 
9 t 
H'(X,S) — — ■» H 9 (X,S), 



where, remember, t is the "true" cup-product, commutes. Let ec '■ C — > A and 
£5 : C — > £? be Godement's canonical resolutions and let : A ®c A ^ A, 
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\xb '■ B ®c A — ► B be the maps defined at the bottom of page 256 of [God]. To 
apply Propostion 1 we need maps 

l p:(C,A)^(A,A), 

^:(C,B}^(A,B), 
/t : (C,B) <g> (C,A) -> (C,A>. 

k 

Let's define them by setting 

(<p(a))(a) := \i A (a(x) <g> a) , 

(V>(a))(a) := /j, B (oi(x) <8>a) 

for all x G X and all a G -A(x) [the stalk over x] and letting \i be the composition of 
(C, /is) with the canonical map 



(C,S) ® (C,A) -> (C,B<g>A). 

k C 



Section II. 6. 6 of [God] implies then the assumptions of Proposition 1 are fulfilled. 
QED 



Proof of Proposition 1 



I first claim that the diagram 



H(<p) 



[Ai, Aj 



Ext(e i ,A i ) 



Ext(Ai,Aj), 
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commutes. Indeed, the restriction A,] : [Ai, Aj] — > [V$,A,-] satisfying 
[si,Aj] H(ip) = Idiv^Aj] by assumption (a) and 

can v lAj [zii A o\ =Ext(e l ,A J ) can AiA , , 

we have 

can v lAi = can v i A i i^ A j] H(<P) =Ext(e;,A,-) can H(cp). 
The top square of 



[V 2 ,A 3 ] [V U A 2 ] 



[A 2: A 3 ] <g> [A U A 2 ] 



can23 09 can\2 



[VuA, 



H(Vis) 



[AuA, 



canis 



Ext{V 2 ,V 3 ) <g> Ext(Fi,y 2 ) 



Ext(V lt V 3 ) 



commutes by assumption (b) ; the bottom square commutes because it is of the 
form (1) ; the vertical compositions are respectively can 23 ®can\ 2 and can\ 3 by the 
claim. QED 

Proof of Strong Proposition 2 

For any complex C let C[n] be the complex C n+ ° ; for any complex morphism 

/ : B — > C[n] denote by [/] G [B, C] n its homotopy class and by / the correspond- 
ing element of Ext n (S, C) ; any object of C shall be viewed as a complex in degree 
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zero. — Let V be an object and A a complex satisfying A n = for n < and 
H n (A) = for n > ; let Z C A be the subcomplex of cocycles (in other words A is 
a right resolution of Z°) ; set 

F n :=Ext n (F,-). 

By left exactness of F° the canonical morphism — > F°Z° is an 
isomorphism, proving Strong Proposition 2 in degree 0. For p > the short exact 
sequence Z v ~ x >— ► A p_1 -» A p gives birth to the long exact sequence 



f i Z p-i 

F 2 Z p-l 





* F 2 A P ~ 1 ► 



(see [V,III.1.2.5,p.l62]). Let 5 P , : H P (F°A) -> F 1 ^" 1 be the monomorphism 
induced by 5 Pi o and for r > introduce the inclusion 

i r : Z r ^ A[r + 1]. 

Fix a positive integer n. We want to interpret in terms of connecting morphisms 
the canonical morphism H n (F°A) — > Ext n (V, Z°), which I prefer to think as the 
morphism 

can : H n (F°A) -> Ext n (V, A) 
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satisfying 

can ([a;]) = i n x (2) 
for all morphisms x : V — > Z n . Define 

if) : H n (F°A) -> Ext n (F,A) 

by 

^ := Ext(V,l ) <Jl, n -l $2,n-2 ' • ' <J n -l,l ^n,0 • 

Strong Proposition 2 follows easily from 
Lemma. We have can = (— l) n ( n+1 )/ 2 tp. 

Proof. For p > let t be the inclusion of Z v ~ x into and C p the complex 

C" 1 = Zp- 1 — — -> Ap- 1 = C° , 
and consider the morphisms 



Z P <_?E C p /p > ZP-^l] 



defined by 



ZP < — _ AP' 1 



ZP' 1 — = — ► zp- x \\\ 
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Note the following : f p G Ext^Cp, Z p ~ l ) ; q p G Ext°(C p , Z p ) ; q p is a quasi- 
isomorphism ; f p q' 1 G Ext 1 ^, Z^" 1 ). Recall that 5 p , r : F r Z p -> F^ 1 ^" 1 
coincides with the left multiplication by / p Qp -1 (see [Iv,XL3]) ; in particular 

V'(N) — *0 7l 5T 1 /2 $2 _1 • • • fn-1 Qn-1 In ^ % ( 3 ) 

for x : V — > Z n . Confronting (2) and (3) we see that the lemma reduces to the 
equality 

lO fl Ql 1 h ■ ■ ■ fn-l Qn-l In = (.~ l Y l n • 

It suffices thus to check that for p > we have i p -\ f p q' 1 = (— l) p i p , that 

is i p -i f p = — i p q p . The morphisms i v -\ f p and i p q p from C p to A[p] being 
respectively given by the diagrams 



(-iyd 

Ap- 1 Ap 

-i (-l) p d 

ZP- 1 — ► AP' 1 

(-i)"d 
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and 



{-iyd 

Ap- 1 — ^— > Ap 

-i (-l) p d 
Z p-1 A p-1 

(-l)*d 



the identity of A p 1 furnishes a homotopy from i p -if p to (— l) p z p <z P . QED 
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